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Abstract. We propose a conjecture on integrality property of the open-closed 
mirror maps of compact Calabi-Yau manifolds. Some examples are presented. 



In this paper we will propose a conjecture on integrality properties of open-closed 
mirror maps for compact Calabi-Yau manifolds, inspired by the Lian-Yau integrality 
for closed mirror map for compact Calabi-Yau manifold [101 HU HH El El [3] , and 
its recent extension to the local Calabi-Yau case [T2] . The integrality of open-closed 
mirror map in the noncompact Calabi-Yau 3-fold case was observed in [12] , in this 
work we propose to extend it to the compact Calabi-Yau case and more noncompact 
examples, not necessarily three dimensional, based on a related work [13j . 

1. Integrality Conjecture of Open-Closed Mirror Maps 

1.1. The conjecture. Suppose that we have a system of Picard-Fuchs equations 
in variables Xq,Xi,. .. ,xn that comes from some charge vectors describing some 
brane geometry in some Calabi-Yau geometry, in the large volume phase. Then 
it is expected that the system has a holomorphic solution go(xo,xi, . . . ,xj\r) such 
that <7o(Oj • • • j 0) = 1 and N logarithmic solutions of the form 

g[ l \x , ■ ■ -,x N ) = \ogXi ■ g (x , ■ ■ -,x N ) + h^\x , ■ ■ -,x N ), i = 0,l,...,N, 

where hf 1 are holomorphic functions such that h\ (0, . . . , 0) = 0. The open-closed 
mirror map is defined by: 

(1) qi = exp(g[^/g ) = a^exp^^/So), i = 0,l,...,N. 

(For some examples, see e.g. [8].) On can find the inverse map by Lagrange-Good 
inversion formula [4] as in |12j . 
Our conjecture is 

Conjecture 1. The Taylor series of qo, q\, . . . , qjy in xq, x\, . . . , xjy are integers, 
and vice versa. 

We will present some examples for which we verify this conjecture. We will focus 
on some cases with one closed string moduli parameter. Extensions to the case of 
multiple closed string moduli parameters will be left to subsequent work. 

1.2. Some Picard-Fuchs systems related to open-closed mirror map. Let 

k\ , . . . , k n be positive integers such that 
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See [13] for a list of solutions for n = 2,3,4,5 under the assumption that k\ < 
• • • < k n . Here we do not require this assumption. Let k = l.c.m.{ki, . . . , k n ) and 
Wi = p. Then we have 

(3) kiwi = ■ ■ ■ = k n w n = wi H h m, t = fc. 

Consider charge vectors formed from such a solution: 



(4) 



[(0) 



-fe 
-1 



1 



We will transform them to 



(5) 



i(o) 



— k + Wl 

-1 



w 2 

1 













-1 1 



101 

-1 



1 



where = l^ — wil^ ' and — l 1 - * 1 . We will consider the extended Picard-Fuchs 
system [5] associated with three charge vectors l(°> and l\ = + wil^: 

(6) CiS(x Q ,xi) = 0, /^(^o^i) = 0, £' 1 5(io,ii) = 0, 
where 

(7) £ = [^o - a?o(l + + (fc - ttfi)0i)] (0o - u>i0i), 

n wi -- 1 —1 

(8) £i=nn M - j) n (-^ + ^ - ^ 

i=2 j=0 j'=0 

k — wi w i — 1 

-^1 n ^° + ( fc - + j) n + wi91 + j)> 

3=1 J=0 
W\ —1 n Wi — 1 ft; 

(9) 4 = n(«o-j>nii m - j) - *t*i + ( fc - ^ + n> 

j=0 i=2 j=0 j=l 

where 6i = a^gf-, i = 0,1. When n = 4, some examples of this system correspond 
to the extended Picard-Fuchs system associated with B-branes in compact Calabi- 
Yau 3-folds in the large volume phase (see e.g. p]). See [9] and its references for 
some recent work on extension of mirror symmetry to the open string case. 

1.3. Derivation of the Picard-Fuchs operators. Let us recall the well-known 
procedure of derivation of Picard-Fuchs operators from the charge vectors for the 
convenience of the reader. Given a vector I = (lo, h,..., l n +2) € Z™ +3 , consider the 
afHne complex space C p+1 with linear coordinates (do, . . . , a n+ 2), define an operator 

u°) n <£>" - n <£>-*■ 

/j>0 l 3 <0 



Introduce variables 
(11) x 



aiQ.n+2 
aoa n +i 



x\ 



(-1) 



k u 2 



' a ra" a 7i+l 



a 



k—wi wi 







n+2 



Suppose that we have a function H(xq,xi) such that 



(12) 



U(a , a n+2 ) = — n(x , x\) 
a 
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satisfies the equations 

(13) D{(<)II(oo,...,o n +2) = 0, i = 0, 1, 1)^1,11(00, . . . ,o„ +2 ) = 0. 
For i = 0, 

n/ ^ N' (0, TT/ S 9 9 , 1 ft, 
(^— ) J n(a , . . . ,a„ +2 ) = — (— n(x ,xij) 
o«. oai aa„ +2 ao 

i< 0) >o 

1 9,1 9x . ~ , . 1 9xi „ ft, 

= — ^— (— ~— — o n(x o ,xi) + — o 0in(xo,xi) 

a aai x 9a n+2 xi 9a n+2 

15- 

= q — (6» n(x ,xi) - wi6»iil(x ,xi)) 

a a„ +2 dai 

1 , 1 9x . 1 9xi „ „ .-, 

= (— — O + — ^0i)(0 o -wi0i)n(x o ,xi)) 

a a„ +2 x aai xi aai 

o (0o - Wi0i)n(x o ,xi), 



and 



Therefore, 



O0 a l a n+ 2 



n. 9 , 9 9,1-, 
(^— ) J n(o , . . . ,a„ +2 ) = — (— n(x ,xij) 
;<0 9a/ da Q da n+ i a 

9,11 9xo - , 11 9xi - 

^— ( q o n(xo,xi) H CiIT(xo,xi)) 

oao ao xo Ca„+i a xi aa„+i 

— — • (-Oo + wi0i)n(x o ,xi)) 
o n +i c'ao a 

1/1 11 9x . 1 1 9xi . ., . . . 

( — 2 + ^—0o + tt- 0i)(-0o + wifi)n(x ,xi) 

a„+i a a x oao ao Xi aao 

-g-^ — (-1 — 6 - (k - wMi-Oo + W i0i)n(x o ,xi). 
flo a n+i 



O (0 O - wi0i)n(x o , xi) + ^±i(i + e + (k - Wl )e 1 ){-e + wi0i)n(x o ,xi) = o. 

flOOn+l 

This is the equation CoTl(xo,xi) = 0. The other two equations are derived in the 
same fashion. 



1.4. Holomorphic solutions. In this subsection we will show that the extended 
Picard-Fuch system ([6]) has a holomorphic solution of the form 

fJO = 1 ~t~ ^ ^ ^mo,miXQ °X^ 1 . 
mfl+mi >0 

We will derive its explicit expression as follows. 
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The Picard-Fuchs equations for go can be rewritten as follows: 
m (m - ^imi)a mOjmi x °x 1 

mo+mi>0 

= x ° X! ( m ° ~ ™imi)(l + m o + (k - ^i)mi)a m0jmi XQ no x" u , 

mo+mi>0 

w\ — 1 n 

^ I (-m + ^imi+ j)J J Kmi-jX^m^™ ^ 1 

mo+rrii>0 j—0 i—2 j—0 

k — wi w-l — 1 

= x\ J J (m + (k - wijmi + j) (-m + wimi + j)a m0tmi x n °x' 1 ^ 1 , 
i=i j=o 

Wi- 1 n Wi — 1 

e n ~ j) ■ n n - ^mo,™^™ ^ 1 

m o +mi>0 j=0 i=2 j=0 

fc 

= J2 Y[(mo + (k - w^tjh + ^a^^x^x™ 1 ). 

mo+mi >0 j = l 

These equations give rise to some recursions which can be solved directly to give 
us the following solution: 

(14) 9o (xo,X 1 )=Y: U n ikl f\ mV (^r- 

m > lh=l\ W r m )- 

Clearly g (x ,Xi) g Z^ 1 ^]]. 

1.5. Logarithmic solutions. In this subsection we will show that the extended 
Picard-Fuch system ^ has two logarithmic solutions of the form 

gV=g logx i+ ]T a% o , mi x™°xr 

mo+mi>0 

[i = 0, 1) to the Picard-Fuchs system ([6]). We will derive their explicit expressions 
as follows. From C'-^g^ = we get 

w i — l n Wi — 1 

e n j) n n ^ - i)<&u*r *r 

\ - (fcmj! \ - \ - 1 fT - lT|P 

^ M? i (Wi(m - 1))! ^ ^ w t m - j { lj 

k 

= x o^i E U^o + ik-w^+j^l^x^x^ 

mo+mi >0 j=l 

>p (fc(m + l))l A fe-wt 
° nT-iK-m)! fcm + j [X ° Xl) ■ 

m=0 1 1 v ' j = l 
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Compare the coefficients of x^x™ 1 on both sides. When wq = w\m and W2 = m, 



n Wi — 1 1 

VV — 

* — * L — J in-m - 



w-im.m ' T~f n ( \ i / , / , 

^ ^ Wi m-j 



Hence we have 

km 



(1) (fcm)! ^ k- Wl V^V^ls 



For mi ^ toimo, we have 

w\— 1 n — 1 

■7/T-TT7i — 11/. 

mQ.m\ 



\(mo-j)-l l(w imi -j)aU 



j=0 i=2 3=0 

k-1 

= Y[(m Q + (k - Wl ) mi - fia™^^^, 
j=o 

hence when mg > w\mi we have 



(16) a. 



(i) _ (m + (fc - wi)mi)! (1) 



We will determine a^ from another equation. 
From £og[^ =0we get 

E, \ (i) m mi \ ~~ {km)\w\m w 

m (m - ^iTOi)a^, mi £ - w x ^ TT" (VmlP ^ 

m,,+mi>0 m>l IU=1\ 1 >' 

= X() ( - TO ° - u 'i TO i)( 1 + m o + (fc - w^m^a^l^x^x™ 1 

mo+mi>0 

E(fcm + 1)! 

Compare the coefficients of a;™ a;™ 1 on both sides. For mo = m > and mi = 0, 

(i) 2 (i) / -n (i) 

and so 

(i) 1 

Hence by combining with (jl6[) for mo > wimi, 

, , (1) _ (m + (fc-wi)mi)! 1 

mo! Hj^l^mi)! m - wimi 

When m 7^ 0, Wimi or w^i + 1, 

(1) (mp - 1 - wimi)(m + (fc - wQmi) ( i) 

I *) a mo , mi ~ m (m - w imi ) a m -x, mi > 



(i 
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therefore, for mo < Wxmx, we have 
(19) a« = (m ° + ( " 

\ / u, m ,m 1 „, „,, \„, \i „„ „, ™ 



(i) _ (m + (fc - wi)mi)! wimi ( ij 
mo ' mi ~ mo!((fc-Wi)mi)! Wl m! -m a °' m1. 



We will determine Og 1 ^ from another equation. 
From Cx9x = we get: 

— 1 n lOj; — 1 

E n (- m ° + w i m i / II II - i^L^r 

mo+mi>0 j— 2—2 j— 

(-l) tUl - 1 wi!(fcm)! 



^(toimJin^Mm-l))!^ " lj 

k— wi w\ — 1 

= xi e n ( m ° + ( fc - wi ) mi + n (~ m ° + wimi +^>™L™ 1 a; o" o < i 

mo+mi>0 j — 1 i=0 

By comparing the coefficients of x™ 1 we get: 

n 

'J w t ! • a^j = wi\(k - wi)\, 

i=l 

n Wi — 1 A' — wi - 1 wi 

Y[ JJ (^mi - i)a£mi = II (( fc " w i) m i-j)II( u;iTOl "- : '') a o!mi-i' 

»=1 J=0 3=0 3=1 

hence 

(l) _ ((fc - wi)mi)! 1 



(20) 



Combining with (|T9|) we get 



nr=2(^ m i) ! m i' 



(i) (m + (A: - wi)toi)! 1 

\ I a m ,m l ™ w l ITT" (• M 

Therefore, we get the following solution: 

{km)\ 



{22) g?\x Q ,xx) = logxr-E rrnV M ( g o lg i) 

oo , , ■. , /cm 



\ - (fcm)! y-^ k-wx r^r^L. u 
^ I!" i Km)! j ^ ^ j ,[X ° 

1 11 8=l v 2 I j=l ■> i=2 j=l J 



E(m + (k — wi)m\)\ x^x™ 1 



" L \) : I I 9 

mo+mi>0,mo7=ioimi 



m o!nr=2( w i m ) ! m o- w 
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In the same fashion one can get the following solution: 

,OQ\ ^ 1 ( fcm ) ! j an 

(23) gl'{x ,xi) = log x ■ ff«— 7 vjOo ^i) 



m>0 

km 



l-XJ / j \ ■ tullL lit 1 

V ( } fV--V— )(x^xiY 



E 



(mo + (fc-ti;i)mi)! x™ ^ 1 



mo+mi XJ^ioT^wimi aac— -g\ 

1.6. Open-closed mirror map and its integrality. The open-closed mirror 
map is given by 

(24) q = exp(^ 0) /5o), q 1 = exp(c/f ) /fl , o)- 
As a special case of Conjecture 1, one should have 

(25) q ,qi e Z[[x ,xi]]. 

Notice that in both cases we have some extra terms, so the integrality property of 
open-closed mirror map is different from the Lian-Yau integrality of closed mirror 
map, because it involves the integrality of the following series: 

(26) ex P( £ (m °;^; i) '"; )! ^ /Ett^^ 1 ^")- 

Applying the Lagrangc-Good inversion formula as in [12) . one can get the explicit 
expressions for the inverse open-closed mirror map. Write 

(27) qi = ^ A^ o ^x™ x™ 1 , 

rno+rrai>0 

then Amo.mi and Am\^ mi are the coefficients of a;™ 0-1 ^™ 1 and Xq™ 2;™ 1_1 of 

(28) (1 + 8 h + Oihi) ■ cxp(~m h — mxhi), 
where hi = g] 1 ' / go ~ logx;. 

1.7. The Picard-Fuchs system in a different phase. One can also consider 
the Picard-Fuchs system associated with the charge vectors Q). The associated 
variables are: 

(29) Xo = x, = ( -i) ^r-- fc <" , 

I.e., 

(30) io = x 0l xi=Xq 1 x\. 
Let 9i = Xi-M^- Then we have: 

(31) 9 = e + w 1 e 1 , e 1 = e 1 , 

(32) e = e -w 1 e 1 , S 1 = e 1 . 
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Under such change of variables, the Picard-Fuchs operators become 

(33) Co = [S + wA - x (l + e + fc0i)]0 o , 

n Wi — 1 w\— 1 

(34) £i = n n - i) n (-*<> - .?) 

i=2 J=0 j=0 

k — wi w i — 1 

-v" 1 ^ n («o+*!fli+i) n Mo+i), 

nil — 1 n lu^ — 1 k 

(35) 4 = n + wifli - j) n n - # - ^ + ^ + 

j=0 J=2 j=0 j = l 

Consider the system given by 

(36) C S(x , xi) = 0, -C'jS^ojfi) = 0. 
It has a solution holomorphic at xo — x\ = 0: 

(37) so(io, ii) = 1 + £ rr-^r^ m *" 

m= l ll l= iV^ m J- 

and a logarithmic solution: 

(38) g^fa, Si) = IogX! • <?o(*o, ii) + £ n" M £ * " E E 

They are not obtained from go{xo,Xx) and g± (xq,Xi) by change of variables 



(pOl) . and they do not satisfy the equation £i5(xo,ii) = 0. Furthermore, one 
can easily see that there is no solution of the form g^ = log So • go(xo,Xi) + 
h^\xo, xi), with holomorphic in xq and x\. Indeed, if we write h^\xo,xi) = 
E roi) +mi>0 ttmimiir^ 1 . then from A^i = wc get: 

Wi — 1 n Wi — 1 

n ( m ° + ~ ■ n n ~ j)^,™^™ *? 1 

mo+mi>0 j—0 i—2 j—0 

+ y y 1 . (fcm)! 

A.- 

mo+rai>0 3=1 

Compare the coefficients of X\ on both sides: 

k 



a contradiction. 
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2. Integrality of Local Open-closed Mirror Maps 



2.1. Integrality of local open-closed mirror map: The outer brane case. 

Consider the charge vectors 



f(0) 



-1(0) 



(39) 

The associated variables are 



-k 
1 



-1 







(40) 



x 



a\a n+ 2 xo 



— , *i = (-l) 





1 -1 



Xi. 



Suppose that we have a function n(xo,xi) such that the following equations are 
satisfied: 

(41) v m n{x , Xl ) = o, v i(1) n( Xo , Xl ) = o. 

They give rise to the following equations: 

(42) § (9 - k§i)IL = x 9 {9 - wA)IL, 

Wi—X n w%— 1 fc— 1 

(43) n(-^^-j>n nw-^H-i^iift-^-j) 11 ' 

3=0 1=2 j=0 j=0 

We will refer to this system as the local extended Picard-Fuchs system associated 
with the charge vectors and l^K 

Clearly <l>o = 1 is a solution, and we have the following logarithmic solutions: 



(44) ^=logx +J2 



(km)\ x? $( i) 



n l =i( w; i m )- ■ 

m>l A AA 1 

The local open-closed mirror map is given by 

x - (/cm)! xV 1 
(45) X = x exp > „ , 

m>l A 



log ii - ^ ffn 



(km)\ 



m> 



Xi = ii cxp 



-(fcm)! 

i nr=i( u; i m ) ! fcm " 



By a result proved in [12], we have 



2.2. Integrality of local open-closed mirror map: An inner brane case. 

One can also consider the following charge vectors: 



(46) 



7« 



f(D + f(o) 

f(0) 



-1 



Wl — 1 U>2 

1 



w„ 




-1 1 
1 -1 



The associated moduli parameters are 
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The local extended Picard-Fuchs system associated with these charge vectors is 
given by: 

(48) (§ - §x){k + (wi - l)k)U = § (-§o + §!)(-§ - (k - 

Wi —2 _ n Wi — 1 

(49) (l - k) • n + (»i - l % / II II Mi - i)n 

j=0 i=2 j=0 

= m ■ Mo + 0i ) + (* - 1)^1 + i)n. 

3=0 



Clearly <f>o — 1 is a solution and we have two logarithmic solutions: 



(50) ^^logii + En- i 



(o) _ ~ ^ (fern)! (x xi) r 



(51) *i 0) =logi - E fF 



The local open-closed mirror map is given by 



(52) li = e*^ = k exp £ — 



(fcm)! (fc — l)(x xi) r 



i n»=i( w i TO )' ^ m 



,,o\ <r *S 0) - -(km)\ (x Xi) r 

(53) A o = e 1 = x exp ^ ==- 



By a result in [12], we have x^ 1 Xq^x^ 1 X\ e Z[[ioii]]. 



2.3. Integrality of local open-closed mirror map: Another inner brane 
case. One can also consider the the charge vectors 

'l 1 - 1 ^ ( —k + wi W2 ■■■ w n 
1 ■■■ 



(54) 



m -\ -i 



-1 1 



where £W = l^ 1 ' — Wxl^°> and = l' '. The associated moduli parameters are 

/rrt aidn+2 , -,Nfc a 2 "' a n a n+l 

55) x = , x x = (-1) ^ . 

aoan+i ag 11,1 a^ 2 

The associated local extended Picard-Fuchs system is given by: 

(56) £i5(x ,xi) = 0, LqS{xq,x{) = 0, A^o, £i) = 0, 
where 

(57) £ = [0o - x Q (8 + (fc - (0o - u>i0i), 

n twj — 1 K)i — 1 

(58) £i = n n - 3) n (-*° + ^ - n 

i=2 j=0 j=0 

k— w\ — 1 tui — 1 

-xx n (0o+(fc-^)0i+j) n (-00+^101+j), 

J=0 j=0 
-iiJ i — 1 n it?j — 1 k— 1 

(59) £i= jj (ffo-j)-n n (^l-ij-^in^+^-^^+j)- 

J=0 i=2 7=0 3=0 
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We have a holomorphic solution go = 1 and two logarithmic solutions: 

(60) M 0) = log** + E n" m ( w !iv (x °' lxi)m ' 

(si) M 1} = logxi + (fc - »i) E ^'^' w^ir- 

m=1 lli=l W"J- 

The local open-closed mirror map is given by 

(62) Q = exp(g[ 0) /g ) = x exp ]T ^ ~ 1)1 (x^ Xl ) m , 

m=1 ll l= iW m J- 

63 Qi = exp (g\ > g ) = Xl exp > - (a^zi) • 

^ Ili=i(«W 

By a result in [T^] , we have 

(64) Xq Qo,%i Qi e ^[a^xi]]. 

Using Lagrange-Good inversion formula as in |12j . one can find explicit expressions 
for x (Q ,Q 1 ),xi(Qo,Qi) G Z[[Q , <9i]]- Let a;, = E^^^oAncmiQrQf 1 - 
Then A^, mi and A^, mi arc the coefficients of a;™ 0-1 ^™ 1 and x™ ^ 1 ™ 1-1 respec- 
tively of 

E(fcm)! . w m s—^ (km — 1)! 

It follows that Xi = Qi J2T=o Ca\Qo 1 Qi) a , where is the coefficient of y a in 

E(km)l m , , , (km — 1)! 

fpr rr „ y m ■ cx P (-/ca - 1) ^ 1 7 \, y 
m=1 lli=iKH ! ^illi=i(«'i"*) ! 

and C„ is the coefficient of j/ a in 

(km)\ . ... u (fcm-1)! 



Now we generalize the discussions in [13] to the open-closed case. Write 

(65) go(zo,Zi) = 1 + ^ Cmo.ffnC?™ 1 = 1 + E Cmo.miQ^Qr 1 - 

mo+mi>0 mo+mi>0 

If Conjecture 1 holds, then the coefficients {c m0jmi } mo+mi >i and {C mo>TOl } mo+TOl >i 
are integers. One can express qo and q\ as integral power series in Qq and Qi, and 
vice versa. If Conjecture 1 holds, then the following conjecture holds. 

(i) (i) 

Conjecture 2. There are integers am ,mi o,nd Pm ,roi such that 

(66) Q i = ?i J] (l-qpqTT™ ^, 

mo+mi >1 

(67) ?i = Q< J] (l-Q^QD^^. 

mo+mi >1 

/or i = 0, 1. 
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3. Examples 

We use Maple to compute some open-closed mirror maps and local open-closed 
mirror maps and check their integrality properties for the examples presented below. 

3.1. The n = 2 case. There is only one solution k\ = &2 = 2 to and so k = 2 
and Wi = W2 = 1. To the charge vectors 





' -1 


1 




(£) ■ ( 




1 


-i ' ) 



the extended Picard-Fuchs operators are: 



Co = [0o-a>o(l + 0o + 0i)](0o-0i), 

Ci = Oi(-B Q + wrfi) - Xl (0 o + Oi + l)(-0o + wifli), 

2 

£i = o 0i -loan n( " + i+ •?')• 



We have the following solutions: 

Jd^o.ii) = E t^t^o^i) 2 , 
^-^ m!r 

m>0 v ' 



(o)/ \ - (2m)!. sm ^— a (2m)! 1, „ 

Si (vi) = lo g^o • 2^ TZTns^i) +2^7^ 2^ 7(^1) 

^ m=l ^ j=m+l J 



E 



m>0 

(mo + mi)! arg 10 ^ 1 
mo!mi! mo — mi 



\ , \ - (2m)! ^ (2m)! ^ 1 

fli (x ,xi) = log a?i • 2^ T-jW^^i) +2^7^ 2^ 7(^1) 

V m=l ^ j=m+l J 



m>0 

(m + mi)! 
mo!mi! mo — mi 



E 



The first few terms of the Taylor series of the mirror map is given by: 

q = x + (xl -x xi) +x% + (xq +x\xi - 2xlx\) 

~t~ (xq ~\~ 2xqXi XqX^*) -f- (xq -I - SxqXi -\- XqX^ 5xqXi) -I- 

Cjl = X\ + (— XqXi +X 1 ) +X 1 + (— 2^0^! +X()X 1 +Xi) 

+ (2x xf - x 2 Q x\ + x\) + (Sxoxl + x\x\ - hx\x\ + x\) + 
The inverse open-closed mirror map is given by: 

xo = qo + {-ql + qaqi) + ill -^qlqx) + {-q^-iqlql) 

+ (gg + 2qlq\ + 2qfa) + (4q%q 2 - gg + 5ggg? - 4gg?i) + 

a;i = 9i + + qaqi) + (-2q qj + qf) + (-qf - Sq^qj) 

+ (qf + 2qlq\ + 2 9o <7i) + (Mfat + 5ggg? - qf ~ W) + 
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The local extended Picard-Fuchs operators associated with (|68| are: 

Co = [0o-a>o(0o + 0i)](0o-0i), 

U = 0i(-6 o + e x ) - x 1 (6 + 0i)(-9 o + wx6 x ), 
1 

3=0 

We have a holomorphic solution go = 1 and two logarithmic solutions: 



(2m- 1)! 
, (2m -1)! 



g{°> = log x + 

m— 1 

oo 

g^' = log x x + ^ 



^ (m!) 

The local open-closed mirror map is given by 

^(2m-l)! 
Qo = ^o exp 2^ 



(xoxi)™ = log 

V 

(x xi) Tn = log 



2x 



1 + V 1 — 4a; a;i ' 
2xi 



. , n2 Oo^i) 
' {m\y 



1 + V 1 — 4x £i 



2a; 



= .xx cxp 53 



One can solve these equations to get 

Qo 



(2m-l)! 
— (zoxij 



1 + ^/l — 4x xi 
2a:i 



1 + \/l - 4x xi 



x 



We have checked 



and 



go = Qo 



Qo = 9o 



1 + QoQi ; 
l-Qi 



2Cl 



Qi 



l - QoQi 



i-Qo : 

l + gi 
i + qo' 



qi = Qi 



Qi = qi 



1 



1 - 



1 + go 



3.2. The n = 3 case. There are three cases to consider: (fc|tui, w-x, Ws) = (3|1, 1, 1) 
(4 1 2 , 1, 1), (6 1 3 , 2, 1). For the first case, consider the charge vectors: 





' -2 


1 1 




CS) ■ ( 




1 


-> * ) 



The extended Picard-Fuchs operators are given by: 

Co = [e Q -x (i + 9 + 2e 1 )](e Q -e 1 ), 

2 

Ci = el(-e + e 1 ) - Xl ]J(e + 26 1 + j)(-e + ej, 



£[ = d Q ef - x oXl l[(6o + 2d x + j), 
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with solutions 

go(xo,xi) = E r~T^ ( XoXl ^ m ^ 

* — ' (ml r 

m>0 v ' 

= iog,o-ESf(^ir i + E^ E )^ 

m>0 ^ '' m=l ^ j=m+l J 



TOo!( m i0 2 wo — mi 

TOoT^mi 



^(^.xx) = iog.i-ES(^ir i + 2Egf £ W 

^ '•' m=l ^ j=m+l J 



m>0 



(mo + 2m\)\ Xo"°x™ 



1 mo!(m!) 2 mo — mi 
The open-closed mirror map is given by: 

go = x + (x — 2x xi) + (x + 3x^xi — x Q x\) + (x + 9xoXi — 2%x\x\ — 2xox\) 
+ (xq + 16xqX! + 27xlx\ - 23x 2 x\ - 5x xf ) 
+ (x% + 24x 5 x 1 + \21x%x\ - 521x\x\ - 63x§a^ - 14x x?) + • ■ • , 
q x = xi + (-xqXi + 2x1) + (^xoxl +5x1) + (-16xjfc? + 33x x? + Uxf) 
+ (-xlx\ + lllx^xl + 124x0^ + 42x?) 
+ {-x^x\ - 307xlx\ + 606x 2 xl + 462x xf + 132a;?) + • • • . 
The local open-closed mirror map is given by: 

(3m- 1)! 

m— 1 

2 -(3571-1)!, 
(m!) 3 



x - (6m- lj! 
Qo = x exp > — — — (x xi) 
(m!)" 3 



— (V7n3 — 



m— 1 

For (k\wi, W2, ws) = (4|2, 1, 1), one can consider the charge vectors: 





' -2 


1 1 


2 -2 \ 


(S) ■ ( 




1 


-i 1 J 



The open-closed mirror map is given by: 

go = %o + (xq ~ ^o^i) + (^o — 7x§xi — xoXj) + (x + 12xqXi — 5xqXj — 2x Xi) 
+ (xq + 20xoXi - 39x^xi - 14xoxJ - 5x xf ) 
+ (xl + 29xgxi - 299xqXi - 80xjjx? - 45x^x^ - 14x x?) H , 

gi = xi + (-2x xi + 2x 2 ) + (xqXi + 8x Xi + 5xj) + (4x„Xi + 34x x^ + 14xi) 
+ (-56x1x1 + 107a$x? + 128x x? + 42x^) 
+ (40x^x? + 220x^x1 + 592x^xf + 476x xf + 132s?) + • • • . 

The inverse open-closed mirror map is given by: 

xo = Qo + (-Qo + QoQi) + (Qo + QQoQi) + (-QoQi ~ Qo ~ 25 9o9i) H , 

xi = gi + (2g gi - 2g?) + (gggj - 18g g? + 3g?) + (50g o g? - 56ggg? - 4q$) + ■■■ 
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The local open-closed mirror map is given by: 



E(4m - 1)! 2 



^ (2m)!(m! 



Qi 



x\ exp 



V 



2- (4m- 1)! 



( 2m )!( m! )2 

The inverse local open-closed mirror map is given by: 

x = Q (l - SQlQi - !2QtQ\ - 2h3Q%Q\ 
xi = Qi(l - GQlQi - !5QtQl - 434Q ! Q? 



(x 2 oXl )' 



6033Q 8 Qi H 
10404Q8Q4 



+ •••)• 



One has 



go 



?i 



Qo - QoQi + Ql - QoQl - IQlQi + Q 3 Q - 2Q Q Qf - 5Q 2 Q 2 + 9Q§Q X + Q 
-5Q Qi ~ 14QoQ? - 30QjjQ? + 14Q&1 + Ql 

-14Q Qf ~ 45Q2Q4 _ 65 q3q3 _ 215 g4g2 . 

Qi + 2Q? _ 2 Q Qi + 5Ql + 8Q Qi + Q 2 Q Qi 
+A2Q\ + 128Q Qi + 83Q 2 Ql - 38Q 3 Q 2 
+132Qf + 476Q Qi + 502Q§Qf + 100Q 3 Q 3 



20QIQ, + Ql + ■ ■ ■ 
f UQj + 34Q Qi - 2Q2q2 



28QtQ 2 i + 1776Q Qi + ■ ■ ■ ■ 

One can also consider the charge vectors corresponding to another phase of the 
_B-brane: 





' -3 


2 1 




(£) ■ ( 




1 


-i V ) 



Then the open-closed mirror map is given by: 



x + (x 2 — 3x xi) + (x + lOx^Xi 
(x 4 + 28x 3 Xl - lllx 2 x 2 - IOxqxD + ■ 
xi + {-xqXx + 2>x\) + (42x0x1 + 12 x?) 
(-63x1x1 + 192x xl + 55xf) + ■■■ . 



3^0X1) 



For (k\wi,W2,'Ws) = (6|3, 2, 1), we check the following three cases corresponding 
to three different phases of the B-brane: For the charge vectors 





• -3 


2 1 


3 -3 \ 


(SO ■ ( 




1 


-1 1 J 



we have 



(xl - x xi) + (xl - 7xlxx - 2x xi) 
- 37xqXi — 1 7x^X1 — 7xoX 3 ) + • • • , 
(—3x0X1 + 3x\) + (3xo.ti + 9xqXi + 



x - 

(4 

Xl - 

(-XqXi + 45xqXi + 81x Xi + 55x 4 



12x1) 



for the charge vectors 





' -4 


3 1 


2 -2 \ 


(S) ■ ( 




1 


-1 1 ) 
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wc have 



'7o 



x + (x — 2x xi) + (x — 22x\x\ — 5x xl) 

(xq + 212x i xi - A9xlxj - 24x x?) H , 

32xoxf 



xi + (-2x xi + Ax\) + (x Q Xi 



22x{) 



{M2x z x\ + 284x x? + 140x?) 



for the charge vectors 



we have 





• -5 


2 3 




Q - ( 




1 


' ) 



qo = x + (x — IOxoXi) + (x + 77xqXi — 55x xl) 

+ {xl + 221x%x x - 2635xgx? - 785x x?) H , 

qi = x\ + (-xoxi + 10xi) + (525x Xi + 155X?) 

+ {-mi>x\x\ + 6905x o x? + 2885x?) + • • • . 

3.3. Some n > 3 cases. For n = 4, there are thirteen cases to consider when 
w-y > ■ ■ • > Wa listed in [T3]; when n = 5 there are 147 cases. We have checked some 
of them using our Maple algorithm. The following cases arc particularly interesting 
because they correspond to the large volume phase of B-branc geometries in one- 
moduli Calabi-Yau hypersurfaces in weighted projective spaces: 

(k\w u . ..,w 5 ) = (5|1, 1, 1, 1, 1), (6|2, 1, 1, 1, 1), (8|4, 1, 1, 1, 1), (10|5, 2, 1, 1, 1). 

, ui 5 ) = (5|1, 1, 1, 1, 1), for the charge vectors 



When (k\wi 
(69) 

we have 



1(0) 



-4 
-1 



1 

1 



1 1 





-1 1 
1 -1 



9i 



xo + (xq - 24a; a;i) + (xq - 2\x\xi - 972x Xi) 
(x% + 216xgxi - 20772a#c? - 95264x x?) + • • • 
Xl + (— XoXl + 24x?) + (746x0X1 + 1548x?) 
(-IOIOxqX? + 36732xox? + 155744X?) + • • • . 



When (k\wi, 
vectors 



1 2, 1 , 1,1,1), wc consider two phases. For the charge 



1 1 





we have 



go 



5i = 



X Q + (x 



132x X! — 558x0^!) 

„3\ 



- 12x xi) + (xl - 
(xg + 570x o i x 1 - 6678x^x? - 54328x0x5 s ) 
xi + (-2xoxi + 24xf) + (xqXi + 192x Xi + 1548X?) 
+ (1632x^x? + 17784x x? + 155744^) + • • • ; 
for the charge vectors 

_ / -5 02111 
/(o) J - { _i i o 



-1 
1 



1 

-1 
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we have 



9o = 



9i = 



When (k\wi, 



Xo + (xq — 60x o xi) + (xq + 462xqXi — 7650x02a) 
[x% + 1362a;ga;i - 225270x0^ - 2271800x o x?) + • 
xi + (-xqX! + 60xf) + (-60x Xi + 11250a;?) 
{1890xlxl + 175050x x? + 3405800xf ) + ■ ■ • . 
. , u> 5 ) = (8|4, 1, 1, 1, 1), for the charge vectors 

Z«\ / -4 1 1 1 
l(o) J - I _i i o i 



4 

-1 



we have 



9o = 



9i = 



xo + (xo — 6xoXi) + (xq — 46xqXi — 297xox^) 

(x% - 226x^X1 - 3297x^x? - 28946x x?) H , 

xi + (-4x xi + 24a:?) + (6x„xi + 64x0X1 + 1548x?) 
(-4xlxi + 224xoX? + 10608x x? + 155744xf) + ■ ■ ■ ; 



for the charge vectors 



(70) 
we have 



1(0) 



-7 
-1 



-1 
1 



1 

-1 



9o 



9i 



2676x xi 

„2 2 



113085XOXJ; 

3\ 



When (k\wi, 



xq + (x — 210x xi) + (x 

{xl + 8556x^xi - 4420395a#r? - 137765950x x?) + 

X! + (-x X! + 210x?) + (23212x x? + 157185x?) 

(-29302xgx 1 + 8462685x x? + 194522650xf) + • 

. . , IU5) = (10|5, 2, 1, 1, 1), for the charge vectors 

Z« 
1(0) 



-5 
-1 



we have 



9o 



9i 



x + (xq - 12x xi) + (xl 



23838x^x 1 



102xgxi - 1818x x?) 
- 538168x x?) + • • • 



xi + (-5x xi + 60x?) + (IOxqXi + 150X0X? + 11250a;?) 



+ (-lOxgxi + 450XQX? 
for the charge vectors 

tar 



86250x o x? + 3405800xt) 



(71) 
we have 



1(0) 



-1 



-2 2 
1 -1 



'in 



= x + (xl - 168x xi) + (xl - 3192x2xx - 166068x x?) 
+ (xl + 33534xgxi - 3742116x^x? - 336621152x x?) + ■ • ■ 
= xi + (-2x xi + 336a;?) + (xqXi + 5376x x? + 416808x?) 



-11760xoXi 



9366672x x? + 859605376xi) 
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for the charge vectors 

W ( -9 



lW ~ \ -1 



5 2 1 1 

1 



-1 1 
1 -1 



(72) 
we have 

q = .T + (x 2 , - 1512x xi) + {x% + 27654^.ti - 8046108x o aa) 

+ (.tq + 95694xgx x - 378472500a$E - l 2 - 93766645728x x?) + • • • , 

<7i = xi + (-xoX! + 1512x 2 ) + (265332x a; 2 + 10332252x?) 

+ (121554726048x? + 719463276x x? - 334884x 2 x 2 J + • • ■ . 

Some n > 4 cases have also been checked. 
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